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极限曲面。 Doo和 Sabin利用离散 Fourier变换（DFT）和特征分析技术分析了奇异
点附近的情况 [5]。 1998年，Jos Stam进一步利用该技术把 Catmull-Clark和 Loop细
分矩阵特征化，并给出了 Catmull-Clark和 Loop细分曲面上任意参数点处精确求值



















Following whether Geometric modeling approaches are dependent on function expres-
sions, they can be divided into two categories: one is continuous, and the other is discrete.
Subdivision surface is one of the most important discrete geometric modeling approaches.
Its basic idea is that using some simple rules act on the vertices of the initial control mesh,
generally a linear combination of the old vertices, get a set of new vertices. Then, connecting
the new vertices by some rules, get a new control mesh more dense than the initial control
mesh. When we have selected appropriate rules, repeated the subdivision program, we get
more finer and finer control mesh which is converging to a limit surface. Subdivision meth-
ods are intuitive, simple and easy interactive control, particularly suited for the computer
processing, and it can be acted on control meshes of arbitrary topology. Therefore, it has a
wide range of applications, such as CAGD, CAD, animation and medical image processing
and so on.
Catmull-Clark subdivision surface is a generalization of bi-cubic B-spline surface to
control mesh of arbitrary topology [1]. Catmull-Clark subdivision scheme is process of ap-
propriation. Consequence, we usually face an important problem: given an error tolerance,
how many subdivision steps are needed to be acted on the initial control mesh so that re-
sultant error will be less than the error tolerance? The resultant error means the distance
between the latest control meshes and the limit surface. In the Chapter 2, in term of the
first-order differences of control vertices, using the convergent rate of control mesh by sub-
divided twice and the trigonometric inequality, we have estimated the distance between the
initial control mesh and its CCSS. Lastly, we get the computational formula of subdivision
depth.
Doo-Sabin subdivision surface is a generalization of bi-quadratic B-spline surface to
control mesh of arbitrary topology. It defined a limit surface. Doo and Sabin used discrete
Fourier transformation and eigenvalue analysis techniques to analyze the behavior near the
extraordinary vertex [5]. Moreover, Jos Stam use these techniques to characterize the subdi-
vision matrices of Catmull-Clark and Loop subdivision surfaces, and derived the methods to














ues [14, 15].　Using the same techniques, we can get the n-power of Doo-Sabin subdivision
matrix. It shows a way to estimate the convergent rate of control mesh which has subdivided
n-times, directly. In term of a new first-order difference combination of control vertices, us-
ing some techniques, we derived estimation of convergent rate of n-level control mesh in
Chapter 3.
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P [i, j] =
1
2
(P [i, j − 1] + P [i+ 1, j − 1]). (1.1)
进行迭代运算，如图 1.1所示。
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图 1.1 3次 Bézier曲线的 de Casteljau算法.
P [3, 0]} 来代替旧的控制点。 这一算法也可理解为对 Bézier 曲线在参数值 1
2
处进
行分割处理。对新产生的前一组控制点 {P [0, 0], P [0, 1], P [0, 2], P [0, 3]}和后一组控

























































































献 [14, 15]中给一种精确的赋值方法, Wang Huawei等人在文献 [17]中对 Doo-Sabin
细分曲面进行了赋值分析；二是如何估计控制网格与极限曲面之间的误差。第二
个问题在规则情况下，已有了较好的估计，但在奇异情况下，这个问题显得极为困













































































S(u, v), (u, v) ∈ Ω，Ω 是一个单位正方形域，存在对应的初始控制网格（如图
2.2(左)所示）。记之为：
Π(0) = {Pi | 1 ≤ i ≤ 2N + 8};
其中 N 表示奇异点的度数（即奇异点的棱数），{Pi}2N+8i=1 称为控制点，并且控制点
的记号顺序如图 2.2(左)所示。根据 Catmull-Clark细分算法，经过两次细分后，我
们可以得到一组新的控制点，用 {P (2)i }2N+41i=1 来表示，并且称其为 2-层控制点。由
所有的 2-层控制点按照一定规则组成一个新的控制网格，表示为：
Π(2) = {P (2)i | 1 ≤ i ≤ 2N + 41};
称其为 2-层控制网格。2-层控制点的标号顺序如图 2.2(右)所示，并且我们称图中以






j , j ∈ J ;
J = {1, 4, 2N + 7, 2N + 16, 6, 5, 2N + 6, 2N + 15, 2N + 4, 2N + 3, 2N + 2, 2N + 14,
2N + 12, 2N + 11, 2N + 10, 2N + 9}，是 Π(2) 中心面片的每一个空间四边形的左上
角的标号。我们用 2j 来表示以 P
(2)
j 为左上角顶点的中心面片的空间四边形。那
么，算子 ϕj 将 Π
(2) 映射到其子控制网格 Π
(2)
j ，以空间四边形 2j 为中心面片的控
制网格，如图 2.3所示。Π(0) 可以称为一个以 1 为中心面片的控制网格。 同时，
经过两个细分后，定义域 Ω将被均匀剖分为 16个子区域，如图 2.4(上)所示。极限
曲面片也被剖分为 16个子曲面片如图 2.4 (下)所示。通过将 S(u, v)限制在各个子
区域，i.e. S(u, v)|Ω2j，再通过参数变换，每一个子曲面片将重新参数化在定义域 Ω
内：
S2j (ū, v̄) = S(u, v)|Ω2j , (ū, v̄) ∈ Ω;
下一步，我们用双线性插值函数 L(u, v)来表示 Π(0)的中心空间四边形 (1)：
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